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Summary: Asset bubbles can be described through the rational bubble solution
of the standard stock price model linking stock prices and dividends. We show how the
hypothesis of a rational bubble can be tested in the context of a bivariate coexplosive
vector autoregression. The methodology is illustrated using US stock prices and
dividends for the period 1974-2000.
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1 Introduction

Asset bubbles can be described as an equilibrium phenomenon under rational expec-
tations and informationally efficient capital markets. We show how the hypothesis of
a rational bubble can be tested in the context of a coexplosive and cointegrated vector
autoregression. The proposed procedure is an extention to the tests for the present
value model for stock prices without bubbles in the context of the cointegrated vec-
tor autoregression, see Campbell and Shiller (1987, 1988) and Johansen and Swensen
(1999, 2004, 2011). The present work allows for bubbles and draws on the coexplosive
analysis proposed by Nielsen (2010) and its application to stock prices by Engsted
(2006).

The proposed procedure complements the econometric procedures available in the
literature. Flood and Garber (1980) and Froot and Obstfeld (1991) were concerned
with explosive bubbles which are either deterministic or deterministic functions of
functionals. West (1987) and Diba and Grossman (1988) were concerned with testing
the hypothesis of no bubbles. The West (1987) test is inconsistent according to
West (1985) as a result of the explosiveness under the alternative. Our proposed
testing procedure does not face such a problem because the model and the hypothesis
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explicitly include explosive features. The methodology is illustrated using US stock
prices and dividends for the period 1974-2000.

2 The model, restrictions, interpretation and estimation

The economic model for stock price determination is formulated. As this is a partial
model it is then embedded in a vector autoregressive framework. It is shown how the
stock price model can be formulated as a testable hypothesis.

2.1 The model for stock price determination

The standard model for stock price determination involves real stock prices P; and
dividends D,. The model is given by the equation

1
1+R

A Et(Prs1 + Diyq), (2.1)
where R > 0 is the expected one-period return on the stock, which is assumed con-
stant. More general models allowing for time-varying expected returns are common in
empirical finance, see for instance Cochrane (2008), but since the previous empirical
bubble literature has assumed R constant, models with time-varying expected returns
will not be pursued here. As it stands the model is partial in that the conditional
expectations operator & is left unspecified. Later a complete model is presented in
which & is precisely defined. The equation (2.1) can be reformulated as

(c;tflMt =0 where Mt = Pt + Dt - (1 + R)Ptfl. (22)

In other words, M, is a martingale difference, which is a version of the efficient market
hypothesis, see Leroy (1989).

Considerable attention has been given to the situation in which P, and D; have
random walk features and the “spread” S; = P, — D,/R is a cointegrating relation,
see e.g. Campbell and Shiller (1987, 1988) and Johansen and Swensen (1999, 2004).
Often cointegration refers to reduction of random walk behaviour to stationarity. In
the present context it is useful to use the term cointegration simply for removal of
random walk behaviour so that S; remains a cointegrating relation. To see this add
and subtract {(1 + R)/R}A1D; to M,;, where AyDy = Dy — Dy_4, to get

M; = Ay gSi+ (1+ R™HALD,, (2.3)

where A1, gS; = Sy — (1 + R)S;_1. The relation shows that if A;D; is stationary
then A;,rS; is also stationary since M, is assumed a martingale difference. Since
the operator A;, g removes exponential features but does not reduce random walks
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to stationarity for R # 0 then S; could be explosive, but must be free of unit roots
even if P, and D; have random walk features. Hence S; is a cointegrating relation.

A consequence of the stock price determination model is that the “spread” can be
written as a present value of expected future dividends:

1 1+ R & &E(A1Dyyr)
Si=P——=D; = bB;. 2.4
0= b Ia 7;1 (L+R) + 05y (2.4)
for b € R and where B; obeys, see Diba and Grossman (1988) and Engsted (2006),
Biyi = (14 R)B: + &4, (2.5)

where &:&,,; = 0. The variable B, is called a rational bubble, the component of
stock prices that reflects self-fulfilling rational expectations of future price increases
independently of fundamentals & D;, . To see that (2.4) and (2.5) solve (2.1), solve
for P;, and insert the expression on both sides of (2.1). If A; D, is stationary then the
present value component on the right hand side of (2.4) is well-defined. In other words,
if D, is integrated of order one then the “spread” S; is a cointegrating relation in that
it has no unit roots. At the same time S; evolves around the explosive component
B;. These features can be described through the co-explosive model.

2.2 The vector autoregressive model

The partial economic model (2.1) is completed by assuming that X; = (P, D;) is
vector autoregressive in line with Campbell and Shiller (1988) and Johansen and
Swensen (1999, 2004, 2011). The vector autoregressive model of order k is given by

k
Xt = Z A]Xt,.] + % + &4, (26)
j=1
where A; € R**? and pu € R% The errors, ¢, are independent Ny (0, Q)-distributed,
or more generally a martingale difference sequence. The completed model implies a
natural filtration F;, = o(X;;1 — k < s < t) and an expectations operator E. Within
this model the efficient marked hypothesis amounts to E(M;|F;_1) = 0.

2.3 The coexplosive model and its interpretation

The coexplosive model arises as a restriction to the vector autoregressive model (2.6).
It allows for common random walk trend and a common explosive stochastic compo-
nent with explosive root p > 1. To facilitate the analysis the model is reparametrised
in equilibirum correction form, see Nielsen (2010), as

k—2
AlApXt = HlApXt—l + HpAlXt—l + Z q)jAlApXt—j + 12 + Et, (27)

J=1



where A, X; = X, —pX;_; and A1 X; = X;—X;_1. The parameters satisfy II;,11,, ®; €
R2*2 1, € R?, and p € R.

The additional assumptions that X; has one unit root and one explosive root are
accommodated by reduced rank restrictions so

H1 : (Hlmu’) = al(ﬁlhgl)v HP - apﬁfm

where ay, 81, ,, 8, € R?, ¢, € R. The model M restricted by H; is denoted M;.

The process can be interpreted through its Granger-Johansen representation. Such
a representation was given in Nielsen (2010, Theorem 1). This shows that 3]A,X;,
B;AlXt and A;A,X; can be given a stationary distribution. The vectors 3, and 3,
are therefore referred to as the cointegrating vector and the co-explosive vector. In
the context of the stock price model it is useful to restate the result with detailed
expressions for the initial values of the process which will be used for the computa-
tion of Figure 1. For a matrix o with full column rank «,; denotes an orthogonal
complement of a matrix « so @/, = 0 and (a, o)) is invertible while @ = a(o/a) ™.

Assumption A Consider the model M and the hypothesis Hi. Suppose
(i) The vectors ay, By, a,, 3, € R are non-zero;

(17) The nonstationary characteristic roots of X; are at 1 or p > 0;

(#44) det(a’; ¥18y,) # 0 and det(a),, ¥,3,,) # 0 where

a3 k=2 o B k=2
U, =1+ ’)_ﬂ’i—Z@j, \ij_[2+11_61—zqu)j~
p j=1 P =1

Theorem 2.1 Suppose Assumption A holds. Then it holds

Xt:

1 ! 1 t ‘ —S BlC1
pCl(A1+Z€S)+p 1Cpp (Ap+2p 55)"‘}/;&_—,
- - s=1 -

1 s=1 1 P

where Y; is a stationary process. The impact matrices and initial values are*
— / -1 7
CKB - xﬁxL(aajL\ijﬁxL) Apls

/ —

RTINS
<30 j
y—=z j=1 ’

J

-1
he i
T ]AszX_h,
h=0

A, = U,A X, —

where (x,y) is (1,p) or (p,1). The stationary process Y; is given by Y; = 0y Uy where
U has is zero mean stationary and is defined in terms of X; = X; — 5,¢;/(1 — p) as

Ut—l - {(BllApXt—l)/a (ﬁ;AlXt—l)la A1Apjét—1a ey AlApXt—k—l-Q}/)

*The definition of C, includes a factor = which is erroneously left out in Nielsen (2010).
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while the parameter Oy is defined through

GU - (GLP? GPJ? HLP:I + Hp71’17 T 7H17P7k—2 + szlak_2)7

C,ay O\ NG} B Oyt k=2 ,
G:ry = - il - ﬁx + xﬁx s nyn = - Z (I)jwij-

The cointegration rank, that is the rank of the matrix II;, can be determined with
Johansen’s likelihood test based procedure. In particular, the likelihood is maximised
using reduced rank regression of A; X; on (X, _;, 1) correcting for A1 X; 1, ..., A1 Xy pi1;
see also Nielsen (2010, §3.3) for a discussion.

2.4 Testing that dividends are non-explosive

In the stock price model the dividends are assumed to have stationary differences. In
other words the dividends are non-explosive. This can be tested through the simple
hypothesis on the coexplosive vector that

Hp : 8,=(0,1).
Under the hypothesis Hp the model equation of M; reduces to

k—2
MlD: AlApXt = OélﬁTIApX:_l + apAlDt—l + Z éjAlApXt—j + Et, (28)
j=1

J

where 57 = (07,¢}) and A, X} | = (A,X;_1,1). For a given value of p the likelihood
is maximised by reduced rank regression of A;A,X; on A, X, correcting for lagged
dividend growth AyD,_; and lagged differences A;A,X;_;; see Nielsen (2010, §3.3)L

2.5 Testing the bubble model

The bubble model imposes two restrictions on the model M;p. The first restriction is
that the “spread” S; = P, — D;/R is a cointegrating relation so that the coefficient R
is linked to the explosive root through p =1 4+ R. This gives the hypothesis

Hs : g, =(1,-1/R), where R = p — 1. (2.9)

The second restriction is the martingale restriction (2.2). To formulate this hypothesis
pre-multiply the equation (2.8) by the vector /' = (1,1) to get

k—2
AlAp<Pt + Dt) = L/C\flApSt_l + L,OépAlDt_l + L/ Z (I)jAlApXt—j + LlCVlCl + Ll€t.
j=1



This equation reduces to the equation M; = i'e;, which can be denoted e,,;, when
Hp: Jay=-1, Ja,=—-(1+R)?/R, /®; =0, ¢ =0, (2.10)

for j =1,..., k. The model M;p restricted by Hg and Hg is denoted M;pg5.

It is convenient to reparametrise the restricted model M;pgsp. To deal with the
correlation structure for the errors, let w denote the population regression coefficient
of epy = (0,1)e; on 54 = (1,1)e; and rewrite the model in terms of the marginal
equation for M; and the conditional equation for A;D; so

Mipsa: M, = emy, (2.11)
AiDy = a1pA,Si-1+ (app + p)A1Diy
k—2
+ Z CI)J}DAlApXt—j +wMy + ep.are, (2.12)
=1

where the errors €y, and ep.yry = €py — wens are uncorrelated. The likelihood
implied by these equations is maximised through a profile argument using that for
a known R the regressions (2.11) and (2.12) are unrelated. The likelihood is then
maximised by maximising over R.

3 Asymptotic analysis

The proposal is to test the hypotheses Hy, Hp, Hg, Hp through a sequence of likelihood
ratio test statistics. It is shown that these have standard distributions.

The result is proved under the assumption that the sequence of innovations &;
is an F;-martingale difference sequence. This is in line with the stock price model
in which the rational expectation essentially amounts to a martingale difference as-
sumption. This is remarkable as the asymptotic distribution theory of the explosive
root estimator itself relies on a normality assumption. Two additional conditions are
needed.

Assumption B For some y > 2 it holds sup, E{(c/e,)**/2|F,_1} < ¢ a.s.
Assumption C E (g:¢}|Fi—1) = Q a.s. where Q is positive definite.

The purpose of Assumption B is to give a bound to the fluctuations of the paths
while Assumption C makes the conditional variances time invariant. While allowing
for a degree of temporal dependence each of the conditions rule out autoregressive
conditional heteroscedasticity (ARCH).

A range of specification tests are available for the vector autoregression M in the
presence of an explosive root. Nielsen (2006a,b) has shown that likelihood-based
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procedures for lag-length determination apply as opposed to procedures based on
the Yule-Walker equations. Engler and Nielsen (2009) show that plots of empirical
quantiles of the residuals against normal quantiles are valid. Nielsen and Sohkanen
(2011) show that cumulative sums of squares tests for constanct variance of ¢; can be
applied.

As a next step, the test for cointegration rank, that is the likelihood ratio test for
H; within M, has standard critical values in the presence of an explosive root. This
has previously been proved in the univariate case by Nielsen (2001) and for the model
with a restricted linear trend by Nielsen (2010, Theorem 2).

Theorem 3.1 Suppose model My and Assumptions A, B, C hold with v > 0 only.
Then LR (M{|M) has the same limiting distribution as in Johansen (1995, §6),

1 1 1
LR(M1|M)3>tr{/ dBuF;(/ FUF;du)—l/ F,dB'},
0 0 0

where F,, = (By, 1) with B, being a standard Brownian motion of dimension 1.

Thirdly, the likelihood ratio test statistic for Hp within M; is asymptotically
x2. As this statistic is concerned exclusively with the explosive terms normality is
required. Some discussion of the normality assumption is given in Nielsen (2010, §4.3)
The argument is similar to the proof of Theorem 4 and Corollary 1 in that paper.
For the formulation of the result define 7, = V¥,3,, and 7 = (I, — 7.7 )a,.

Theorem 3.2 Suppose model Myp with p > o for some ¢ > 1 and Assumptions A,
B, C hold, and that T'e; is independent N (0, 7'Q27)-distributed. Then LR(Mip|M;) is
asymptotically x*(1).

Finally, the main result of this paper concerns the likelihood ratio test for the
joint hypothesis Hg, Hg within the model M;p. The test statistic is asymptotically
X%(2k). The hypotheses Hg and Hp link the cointegrating vector, the explosive root,
the dynamic adjustment parameters and the intercept in a non-linear fashion and it
is not immediately obvious that a x? result should hold, but it actually does under
martingale difference assumptions.

Theorem 3.3 Suppose model Mypsp and Assumptions A, B, C are satisfied. Then
the test statistic LR(M1psp|M1p) is asymptotically x*(2k).

The proof is given in the appendix. It is related to the analysis in Nielsen (2010).

Because the model M;pgp is analysed by regression the likelihood function can be
analysed in a different way that gives rise to stronger results than in the above paper.

7



(@ D, D actua and fit (b) M

,  [—DpiD \
N\ — Fited /“\
[ [ /)

0.005 05

0.005 -0.5 -

0.000 “C ‘\ J" 0.0 \\
J \ / \
/ L~ /

L L L L L L L L
1975 1980 1985 1990 1995 2000 1975 1980 1985 1990 1995 2000
(c) Pand explosive trend 07 - (d) Non-explosve part of P

—FP / : —— Pminusexplosivetrend
—— Explosivetrend / —— Randomwalk trend

/

/

75
0.6 -
50

0.5 -
25

Il Il Il Il Il Il Il Il Il Il
1975 1980 1985 1990 1995 2000 1975 1980 1985 1990 1995 2000

Figure 1: Results from M;psp applied to sub-sample. (a) shows A;D; and the fit.
(b) shows M;. (c) shows P, and the estimated explosive trend. (d) shows P, minus
explosive trend along with random walk trend.

Indeed, a global consistency result can be formulated. In the asymptotic expansions
the test statistic is found to be the sum of two asymptotically independent terms. The
first statistic is mixed Gaussian and relates to the restrictions on the cointegration
vectors. The analysis of the second term involves a central limit argument and relates
to the restrictions on the adjustment vectors oy, a,, @;.

The estimators in the model M;pgp are asymptotically normal. The estimator
for R converges at an exponential rate (1 + R)T while the adjustment coefficients are
standard T'/?-consistent. Theorem B.11 in the appendix gives a precise statement.

4 Empirical illustration: The US stock market 1974-2000

The proposed method is applied to the annual US stock price and dividend series
tabulated by Robert J. Shiller and available at www.robertshiller.com. Here, P, is
the real S&P Composite stock price index at January at year ¢, and D; denotes
the associated real dividends paid during year ¢ — 1. The sub-sample 1974-2000 is
considered so as to focus on the recent "bubble period" that ended in 2000 and -
according to Shiller (2000) - began to build up from the beginning of the 1980s,
shortly after the 1974 collapse. The software OxMetrics by Doornik and Hendry
(2001) is used for the analysis.

Figure 1(a, ¢) shows dividend growth A;D; and prices P;. An exponential pattern



Test P D,  Test system
X?wrmality (2> 0.6 1.7 X?wrmality (4) 2.0

[0.73]  [0.42] [0.74]

For12(2,18 0.1 14 F,.1.2(8,30 1.4

! 2( ) [0.95]  [0.26] ! 2( ) [0.22]
Fuenio1(1,23) 03 0.6
[0.58]  [0.44]

Table 1: Specification tests for the unrestricted vector autoregression.

Hypothesis Likelihood Test statistic p-value
r <2 108.71

r<1 105.91 LR(r <1|M)=56 0.23
r=20 98.21 LR(r=0|M)=21.1 0.04

Table 2: Cointegration rank determination with constant restricted to cointegration
space. Critical values based on Johansen (1995, Table 15.2) and Doornik (1998).

is seen for P, while A;D; appears not to have exponential growth. The initial model
is a vector autoregression (2.6) with two lags. The characteristic roots are 1.258,
0.675£0.3547, and —0.295, thus indicating an explosive root in the system.

Table 1 reports specification tests which do not provide evidence against the ini-
tial model. The validity of the autocorrelation tests in the explosive context are
established in Nielsen (2006a,b). We believe the reported tests for normality and no
autoregressive conditional heteroscedasticity are valid, although proofs have not be
published. Quantile-Quantile plots and recursive cumulated sums of squares plots,
not shown here, do also not provide evidence against the model. The validity of those
plots is shown in Engler and Nielsen (2009) and Nielsen and Sohkanen (2011).

Table 2 reports cointegration rank tests. The standard Dickey-Fuller distribution
of Johansen (1995, Table 15.2) is used even in the presence of an explosive root due
to Theorem 3.1. The tests point to a rank of unity, although the rejection of the
hypothesis of no cointegration is marginal. Imposing a unit root changes the largest
root slightly to 1.223. The estimated cointegration vector is 3} = (1,29.296). As
seen, the coefficient to D, has the 'wrong’ sign implying a negative expected return.
However, inspection of the likelihood function reveals that it is extremely flat around
the optimum; and tests of the hypotheses that 37 is (1,0) or (0,1) cannot be rejected
at the 5% level. Thus, the data are not very informative about the value of the
expected return parameter R via the cointegrating vector ;.

Table 3 reports the various tests associated with the bubble hypothesis. First, the
test for the hypothesis Hp that dividends are non-explosive against M; is asymptot-
ically x? due to Theorem 3.2 and gives a p-value of 0.99 while p = 1.224 is nearly
unchanged. This confirms the impression from Figure 1 that the explosive root in the



Model Hypothesis Likelihood Test statistic d.f. p-value
M Hy,r=1 105.91
Mp Hy,Hp 105.91
Myps  Hy,Hp,Hs 105.75

R(Hp|My) = 0.0002 1 0.99

R(Hs|M;p) = 0.32 1 057

LR(Hp, Hs|M;) = 0.32 2 0.85

Mipsg Hi,Hp,Hs, Hg 102.20 LR(Hp|M;pg) = 7.10 3007
R(Hs, Hg|Mip) =740 4 0.12

( 5

R(Hp, Hs, Hg|M;) = 7.40 0.19

Table 3: Tests of the rational bubble restrictions.

system belongs to P, and not D;. Secondly, the test for the joint bubble hypothesis
Hg, Hp against M;p is asymptotically y? due to Theorem 3.3 and gives a p-value of
0.12 when tested against M;p. Since the latter test has 4 degrees of freedom and
a relatively low p-value it is of interest to evaluate various intermediate hypotheses
noting that a y2-distribution theory has not been formally established.

The first of the intermediate hypotheses is the Hg hypothesis that 3, = (1, —1/R)
with p = 14+ R. The p-value is 0.57 when tested against M;p and p = 1.263, which
implies R = 26.1%, clearly not an economically reasonable estimate of the expected
annual return. Testing the final hypothesis, Hg, gives a p-value of 0.07 if tested
against model M;pg, and a p-value of 0.19 if tested against model M;. The decision
not to reject the hypothesis Hg is marginal against M;pg albeit more convincing
against M. The problem arises from the constant. Imposing only (1,1)a; = —1 and
(1,1)a, = —(1 + R)*/R but leaving the level parameter ¢; unconstrained gives a
likelihood of 104.65, so a test statistic of 2.20 (p-value: 0.33) against M;pg. Thus the
test statistic for M;pgp against this intermediate hypothesis is 4.89 (p-value: 0.027).

Proceeding with the model M;psp we note that the estimate of the explosive root
now becomes p = 1.156 (standard error: 0.023) implying R = 15.6% which is lower
than before but still quite high. Here the standard error is computed from the second
derivative of the profile likelihood and is valid under the normality assumption which
is not rejected. The final estimated model under M;pgsp is

My = ey, sdv = 0.357,
AD;, = 0.0032A pSt—1+ 0. 51A1Dt 1 — 0.0021M; + Ep.are,  sdv = 0.00295.
(0.0015) (0.1 (0.0017)

Figure 1(a,b) shows graphs of the fitted values of A;D, and M;. Panel (¢) shows
the actual prices P, and the explosive trend for P, computed using the formula
(p — 1)7Y1,0)C,p (A, + 3L, p~*2,) given in Theorem 2.1. This explosive trend
contributes Wlth a substantlal part of the movements in prices over time consis-
tent with the bubble model. Panel (d) compares the non-explosive part of P;, that
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is the difference between P, and the explosive trend, with the random walk trend
(1—p)7Y(1,0)C1(A; + X0, &), see Theorem 2.1.

The conclusion from the analysis is that real stock prices contain an explosive
component, and the formal restrictions implied by the rational bubble model cannot
be rejected, although the test for the bubble hypothesis itself, Hg against M;pg, is
marginal. The estimate of the expected return parameter R is rather high. It is found
that the hypotheses that the spread is cointegrating and that P, has no unit root are
both consistent with the data. The data are simply not able to discriminate between
these two hypotheses. From an economic point of view (c.f. Shiller, 2000), and looking
at Figure 1, it is not unreasonable to consider prices as being bubble-driven with no
connection at all to fundamental variables like dividends.

A Proof of Granger-Johansen representation

Proof of Theorem 2.1. Homogenous equation. Let X, = X, + 5/1(1/(1 — p) S0
AX, = A X, and AX, = AX, + B1¢;. Since p = a1y then p+ a1 8,5,¢; = 0.
Insert this in (2.7) to see that X; solves the

~ ~ ~ k=2 ~
AlApXt = alﬁllApXt_l + Oépﬁ/pAlthl + Z q)jAlApthj + &¢. (Al)
=1

This homogenous equation is studied in Theorem 1 of Nielsen (2010) which gives
therefore gives the desired representation for X; apart from the explicit expressions
for the terms A;, A,, Y.

Decomposition. To find the expressions for A, A,,Y; decompose

5 UK —aAK, _ yBuBy + BN | w(B, B 1 BuB)A K

y—x y—x r—=y
It will be shown below that
— ~ . b, ayﬁ?; ~
2f, B DXy = Cpa'(Ap+ ) a7%) + C’xy xAxXt
s=1 -
_ - k—2 Jj—1 ) -
—CoV, B, 8.0, X — Cp Y@ S 2" IAAN X, . (A3)
=1 ~ h=0

Inserting (A.3) into (A.2) and keeping track of the terms gives the expressions for
A17 Apa Y;f
The identity (A.3). Note the identities

(y—2) A X1 = A2X, — AN X,
jf
h=

1 ~ ~ . ~
P"AIN X = AN X — 2T AN X
0
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Insert these in the homogeneous model equation and pre-multiply by o/, to get
A ApAX, = e+ (y—a) ol oy B (AZX, — ALAX)

k—2 . ~ 7—1 -
+al 2_)1 TP (AN, X — hz_;o " AZA, X, 1)

J

Cather A, A, X,-terms and use ¥, = I, + (y — )" oy B, — Zf;lz z79®; to get

/ .
- a3 - k=2 gl : -
/ / / Y7y A2 ! h—j A2
A Vo ALA Xy =) es+a, | — A X, —al Y 0 > 2" TAIA X .
j=1 " h=0

y—x
Multiply with z7* and sum over s and multiply with z¢ to get

~ ~ 13 o, 3 ~ ~
a;;L\le <Ath — ZL'tAyX()) = OZ;L Z ﬂjt_sgg + alzLy:l!—BZ(AxXt — I’tAIXO)
s=1 -

k-2  j-1 ' R .
DI IDY l"hf](AxAthfh - OEtAa:Ayth)-
j=1

h=0

Pre-multiply A, X, with I, = 3,8, + 3, LB; |, recall A, and rearrange to get

— ~ t a3
O‘;L\Ijmﬁzlﬂ;LAth = oy o' (Ar + 21 r7°€s) + @;Ly y_ﬁ;

AxXt

— - k=2 j-1 4 ~
—a VB B8 Xy — oy 30 85 30 xhijAwAthfh-
j=1 " h=0
The matrix o | ¥, 5, is invertible by Assumption A, so pre-multiply with its inverse
and then by 2, to get (A.3). =

B Proof of asymptotic result

The abbreviations a.s., P and D are used for properties holding almost surely, in
probability, and in distribution respectively. For a matrix m let m®? = mm/'.

B.1 Notation and preliminary asymptotic results
B.1.1 Rotating the data vector

A feature of the vector autoregressive setup is its invariance to linear transformations.
In the main discussion of the results the vector X; = (P, D;)’ is analysed. In the
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proofs it is convenient to choose X; in a different way. The issue is that the bubble
hypothesis is that
Mt — Pt + Dt - (1 + R)Pt—l (B].)

is a martingale difference where the contemporaneous component of M; is P, + D;.
For the proof it is convenient to choose

()-GO e

Accordingly the error term of the model equation is denoted

£ = ( Mt ) with Q= Cov(g) = ( OMM - OMD ) :

EDt OpM ODD
and the conditional error ep.ary = ey — wep, Where w = op Ma;jM. The spread is
S, =p X, =P, —R*'D;,=(P,+D,)—-GD, with G=R*'+1.  (B.3)

Accordingly the cointegrating and the coexplosive vectors for the rotated system are

we () () () nam(3). oo

B.1.2 The data generating process

In the probabilistic analysis the properties of the likelihood function will be analysed
for each parameter (9°,€),) satisfying the restricted model M;psp. Introduce the
vector S; = (U, V', W) where

U = {(BYA,L X)), (B A1 X)) (A1A, Xy, o (A1A, Xikys)'Y,  (B.5)

Ve = BYLA, X, We =6 A X, Ry = (M, UL (B.6)
The data generating process is
My = &3y, A1Dy = (W, 0") Ry + €harss (B.7)
where 9° = (w°,0”) and 0” = (@S p, a0 5, @Y p, ., By ).

B.1.3 Some further parameters

From Nielsen (2010) it is known that the analysis of the unrestricted model M;p
involves the parameters

o k—2
L ~Iip° B.8
1 _ p Z po j’ ( )

o 7=1

=08, U =I+
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as well as the projection matrices

Py =7 () 0, PL=0i(0f 2 as) e (BY)
In the restricted model M;pgp the restrictions (2.9), (2.10) imply
. g Lo o
T, = ( —R;laiD — Z‘I;;f(l +Ro)7j(1);,DP ) - ( 0 _00/ )H 5 (BlO)

where the coefficient G° and the vector H° are given by
G°=R'+1, H ={GR0,(1+R)"'B,.,....1+R)**3 }. (B.11)

B.1.4 A preliminary asymptotic result

It is convenient to state a modified version of Lemma A.1 in Nielsen (2010). That
result was derived from Chan and Wei (1988) and Nielsen (2005), which in turn is
based on Lai and Wei (1985); see also Mynbaev (2011, §6, §8.5). Introduce the block
diagonal normalisation matrix Ns = diag(/lgimv, Nv, Nw, 1) where
Ny = diag{T "I, ,,(1=p)™'},  Nw =T"?p;7. (B.12)
Lemma B.1 Let X; satisfy Mipsp and be given by (B.7). Assume A, B, C. Let £ be
a constant satisfying £ < v/(2+ ), recalling v defined in Assumption B.
Define sample variances vat(z;) = T~ S |_ x,x}. Then stochastic matrices Sy,
Yvv, 2ss and a deterministic matriz Xy exist so
(i) var(ef) E Qq 4+ o(T~¢) + o(T"Y2) for all n > 0.
() var(Ug_y) = Sou > 0.
(iii) Sww = p520 S0 (W )2 = pr 2T Tvar (W) =5 Syw = 0.
(iv) Syy = var(Ny V) 2 Syy 5 0.
(v) var (NS¢ ) = Bss > 0.
Define sample correlations corr(zy, ;) = (31—, 282" V2 00 2y (o, vV, s0
(vi) Corr(Sp_y,7) = o(T°/2).
(UZZ) C/Oﬁ’{([]tcllv ‘/t(i/h 1>,7 8?} = OP(T_l/Q)'
In addition it holds jointly for some stochastic matrices Yy, Xy., 2yvy that
(vii) Sye =T V2L (U7 )e 2 Sye. and Sy 2 o(T") for all n > 0.
(viii) Sye =T V2T Ny (Ve ey 2 Sy
(i) Swe = p5" iy W6 & o(T17972),
Proof of Lemma B.1. Similar results are proved in Lemma A.1 in Nielsen
(2010) for linear trend model. The difference is largely notational because regression

on an intercept is avoided is avoided in the present context and 87'A,X; = 1A, X+,
replaces 7 A,X; = 1A,X; + 01(1 — p)t. =

14



B.1.5 The test for M; and M;p.

Proof of Theorem 3.1. Lemma B.1 only reformulates a subset of the statements
of Lemma A.1 in Nielsen (2010). The remaining statements can be reformulated in
a similar fashion. This then feeds into Lemma A.2 of Nielsen (2010) which in turn
feeds into Lemma 11.1 of Johansen (1995). =

Proof of Theorem 3.2. The polynomial order of the deterministic term is not
crucial in the proof of Theorem 4 in Nielsen (2010). So that proof can be modified
along the lines sketched in the proof of Lemma B.1 above. m

B.2 Some asymptotic results for a given value of R

The proof will involve analysis of product sums involving R; defined as
Ri= (M, Ul_), U ={(B14,X), (8,81 X1) (A1AXy) oo (ArA, X xy)'}.

for some p. These product sums are expanded in terms of the estimation error for
R. They will be used three times. First, in Lemma B.4 to show that R is 7—1/2p7-
consistent. Secondly, in Lemma B.6 to establish an expansion of the likelihood which
will lead to an improved consistency rate for R. Thirdly, in Theorem B.11 to find
the asymptotic distribution of the estimators in which the higher order terms of the
expansion can be eliminated. It is convenient to introduce the notation

o [e) ° ®2
(5 &) - bEGE)”
SW&M SWW T =1 Wt 1
SODD'M SDMR SOD MW > 1z ( gDMt ) o of °
° & s = = Ehares Re s WS 1),
< SRED M SRR SRW T ; t ( D-Mjts "Mt t 1)

the sum Sap =771 ZtT:l(AlDt)Q as well as the partial product sums
(g Sora )= (g ghv ) - (5 ) sab (S
Swr.a Sww.a Swr Sww WA

Lemma B.2 Assume A, B, C. Define Dp = (R — R,) and Zr = (R~ — R;'). Let
0por = 0(T7%) for some finite k not depending on R. Then

Z 6ﬁD']\J tR/ a:S S;)D MR SSD ]\[WHO, + (DR + IR)Opola
2 RiR, = Spr — DrSuwH” + (Dr + Zr)op,
1 T a.s
Z RtR/ - S%R (S%WHO, + HOSSVR) + D3 HOSI?VWHOI

+(DR + IR>(1 + Po DR —+ DR +IR)0pol

15



In particular it holds
1 I o /  a.s. o o Qo
f ; €D-M7tMt = SEDA]ME]V[ - DR<g S{;‘D.]\/[W + OPOZ)7
1 T a.s. o o Qo [e) [e)
T ; MtQ = SE]\{EA{ - 2DR(g S&‘JMW + OPOZ) + D?%{g 2SWW + 0(1)}(]3'13)

Proof of Lemma B.2. Identities. Recall the definition of X in (B.2) and of
the cointegrating and the coexplosive vectors in (B.4). Then it holds

B1A LR 1 —+ —(1+R) LR P4
BAL | 0 1 0 ~1 Dy
B A 1 1 R —(1+R) —R(1+R) P,
Bl A 1 0 -1 0 D,
which has the solution
Py ~-R 0 -1 1+R AR
Dy 1 1+R —R 0 50,4
— X, .. (B.14
P,y -R 0 -1 1 oy Pl | (B.14)
Dy, 1 1 —-R 0 L RAN

It also holds, see Nielsen (2010, equations A.17, A.18), that

AN X j = AiA L R, Xy (B.15)
J
+ (Ro = R)(1+ Ro) {A1 Xy 1 = Y (14 R) ' A1A 1 X1}

=1

Ezpansion of R. It is to be derived that R, = (M,;,U,;_,)’, see (B.6), satisfies
Rt == R? - ,DRHOWtil - (DRHZ + IR62Hé)(Utoil7 ‘/;‘,(il)lu

for some matrices Hy € RZF-2%(k=1) and Hy € R%*~! not depending on R and where
€2 = (0, 1701x2(k—2))/~

The expression for M;. Since M; = P, + Dy — (1 + R)P,_; by (B.1) then M, =
My — DrP;_1. Due to (B.14) then P,_; is the sum of (R;! + 1) ; and some linear
combination of U,V ;.

The first coordinate of U;_; is 37A14rX; 1. Using (2.3) write

B1AL rX 1 = A1ipSio1 = My_y — (R + 1)A1 Dy

16



Writing M; 1 = M} | — DgrP;_» and adding and subtracting R; 'A1D,_; shows
BiA L X = Y A1 g, Xi 1 — DrPig — IpADy_y.

Due to (B.14) then P, 5 is the sum of R;'TW;? ; and some linear combination of
U1, V2, while Ay D,_; is some other linear combination of Uy ;,V,2 ;.

The second coordinate of U;_; is B;AlXt_l = A1D;_; and does not depend on R.

The remaining coordinates of U;_; are of the type A1A;4zrX;_;. These are rewrit-
ten using (B.15). Thus, pre-multiplying A1 X;—; by I, = B;LBZ'L + B;B;’ it is seen
that A1A1+RXt_j is the sum of A1A1+R0Xt_j _DR(l_‘_Ro)_jB;LﬂzlAlXt—l and some
linear combination of U? ,,V,? ;.

Product sums. The first component of interest is

1 I o / a.s 1 I o o/ 1 I o o /
T > EpmiRi = T > EpmiRi — DRT > epmiWiiiH
t=1 t=1 t=1
1 ) [e) o/ o ! !
e t; €U, Vi) (DrMY + TrHses).

The processes U7, V,2 | are of polynomial order, see Nielsen (2005, Theorem 5.1), so
Ty epart (U1, Vi21)' = 0ot a.s. Note that the first coordinate S €D M
does not have an 7 component.

By a similar argument then, with $; = 7711 Re(U,, V2 ) (DrHy+ZIrHseh),

]' I o !/ 1 T o o/ 1 ) o o o/
_ZRth = _ZRth _DR_ZRtWtle — 51,
T 5 T iz T i3

The processes R{, U7 1, V,>; are of polynomial order, see Nielsen (2005, Theorem 5.1)
50 31y RY (U1, Vi2y)' = 0par s
By a similar argument then, with S; as above and

1L ,
SQ = DRHOT z W:,l(Utoil; %il)(DRH/Q + IRH3€2),
t=1

1
Z (Utoilv V;fil> (Utoib V;‘,(il) (DRle + IRng'Q),

Sg = (DRHQ +IR€2H%)T
t=1

it holds that
T

1 Z 1 X 1

2 RRy = 2 RIRY = Drs 3 (RYWP  HY + HOW Ry

Tim T3 T3

1 T

i_ZIH"(Wt"_l)?H"’ — 81— 8]+ 8o+ Sy + Ss.

As argued above ZtT=1 R (U4, Vi2,)" and ZtT=1(Utoil7 Ve (U4, Vi24) are of poly-
nomial order while 7-/2 3" ReW? | = o(p?) a.s. by Lemma B.1(i,v,0i). m

+D3,
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B.3 Consistency under Hp

The expression for the martingale difference M; is quadratic in the unknown para-
meters, so global consistency can be proved under Hg in contrast to the co-explosive
analysis in Nielsen (2010). The starting point is the profile log likelihood for the
parameter R. Let 65,(R) and 6%, ,,(R) denote the residual variances of the regression
equations (2.11), (2.12). Then the profile log likelihood is

T . .
U(R) = =5 log{o3 (R)op.as(R)}- (B.16)
The residual variances at R, satisfy the following results.

Lemma B.3 Assume A, B, C. Then
-\ A — T o o a.s. o
(2) U?\/I(Ro) =71 Zt:l Mt2 = SeMeM — O\
(47) &%-M(Ro) — ODp.r- . R
(”Z) QE(RO) =-T log det(SSe) + O-BID-ME€D<MUZOU_UIZU€D»M + O<1)'

Proof of Lemma B.3. (i) Use My = €.
(i1) Note 63.4/(Ro) = T30, (5004 RE)?. Since Ry = (£5,,, Us",)', see (B.6),
and €% 574, €44, Ur-y are asymptotically uncorrelated then Lemma B.1(7) implies

6D.ar(Re) = 52 {8 wenSerttn Srsep s T 20 ST Sty H1+0(T N}

ED-MED-M ED-MEM “EMEM “EMED-M E€D-M

RN o o _ —3/8 : o—1 o—1
Lemma B.1(i,vii) shows S2 52 . =o(T~**) while S2-1 . Sg/' converge so

% (R) = 52 —5° go—1 ge ° S50 Sgep, Fo(T7h), (B.A7)

ED-MED-M ED-MEM “EMEM “EMED-M ep.mU

and in particular 67, ,,(R.) — 0% ., as desired.
(4i1) Apply the expansion log(1 + k) = h + O(h?) to (B.17) keeping the first two
terms as the main term and noting 52, . .52 = = o(T—3/8) to get

- Tlog{a-%)M(Ro)} a.:& —Tlog(So _ SO Sofl SO )

ED-MED-M ED-MEM “EMEM “EMED-M

+ TSt S uSeSh. o +o(1).

ep-mMep-Mm*~ep.mU Uep.m

Insert this and —7'log{63,(R.)} = —T log S° into (B.16) to get

EMEM

20(R,) = —Tlog(S° . S° — 8P 4TS S0 SerlSs  fo(1).

EMEM TED-MED-M ED-MEM ED-MED-M ~“ED-M

AN LE(eban )™
it — J— Mt
(3) r-ezn (B )

[}
Dt €Dt

Due to the identity

1 T
det(S2.) = det{f ;

1

the first term of 2((R,) is —T log det(S¢.). For the second term note Sgr;; — ¥, and

o : 1/2
S vepay — 0pp.y while T

o

ep.mU - Z:5D-IMU' n
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Lemma B.4 Consider the mazimum likelihood estimators under Hp. Assume A, B,
C. Then R— R =o(T"?p™T) a.s.

Proof of Lemma B.4. Let R, denote the true value of R.
Likelihood value at R,. Lemma B.3 shows 63,(R.) = T~1 31 €52, and 67, (Ro) =
Tt 2321(5?)-M,t|7€§)2- Lemma B.1(4,vi) then implies

5%4(}%0) = aﬁ, &%.M(Ro) = UOD2.M-

Likelihood value outside neighbourhood of R,. For any § > 0 consider an R so
INy' (R — R,)| > 6. It is to be shown that

a.s.

2 | 52 o ~2 2
o4+ 0°Kp, liminfr o 65/ (Rs) > 055

a.s.

lim infr_ . 65, (Rs)

where kp = GO limy o p3 27 S (W2 )2 > 0 a.s. for p, = 1+ R,.
For the first result note that by (B.13) then

63(R) 2 Sy + 2(Ro — R)G°Sipw + (Ro — R)*G7Spyy + O(T71). (B.18)
Due to Lemma B.1(,iii,0i) then
62, (R) Z 62+ T o2 (R, — R)*kp + 2T V2pT (R, — R)o(1) + o(1).

Thus, for any R outside a neighbourhood of R, this has the stated limes inferior.
For the second result write the residual variance as

. 1 L
6 (R) = ft_Zl<A1Dt|Rt>2'

As M, = MY + (R, — R)P,_ the regressor R, is a linear combination of M7 S; ;.
Moreover, AyD; = 0,R{ + €3, for some 6, while R} is a linear combination of
Mg, 8y and My = €5, Thus

1
T

M=

A o (o] 1 T (o] [} (o]
U%}M(R) > (A1 Dy | M, 7St—1)2 = T ;(6D-M,t|5M,t78t—1)2'

1

Since the sample correlations of €7, ,,,, €3, and S ; vanish asymptotically then
6% 4 (R) has the stated limes inferior.

Continuity of likelihood function. The profile log likelihood ¢( R) is continuous and
will, asymptotically, attain its minimum in a compact interval [Ny, (R — R.)| < § as
it is large outside the interval. This shows the desired consistency. m
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B.4 Expanding likelihood under Hpg

The profile likelihood for R is analysed. The first Lemma expands log determinants.
Lemma B.5 logdet(/ + h) = tr(h) — %tr(hQ) + %tr(h‘o’) + O([|h]]*).

Proof of Lemma B.5. Any matrix i can be decomposed as h = ABA™! where
B is a triangular, possibly complex matrix with diagonal elements \;, see Mirsky
(1961, p. 266, 307). Thus, [ +h = A(I + B)A™! and det(/ 4+ h) = det(I + B) =
H?ﬁh(l + A;). By the expansion log(1 + z) = = — 22/2 + 2%/6 + O(a*) it holds

dim h dim h 1

1
logdet(I +J) = 3= log(1+A)) = 3= {A; = 547+ 547 + O}
j=1 Jj=1

37
Noting that tr(B*) = Z;h:n}h )\f and tr(A*) = tr(B*) the desired result follows.
The next step is to write the profile likelihood in terms quadratic functions in R.
Lemma B.6 Assume A, B, C. Under Hp the profile likelihood has expansion
2{l(R) — €(R,)} = 2{{(R) — I(R.)} + o(1)
for |R — Ro| < TY?p;7 for any ¢ > 0. Here {(R) = {;(R) + lr.a(R) — Ix(R) with

~ T
luy(R) = —3 log(SngM — 2DRQOS§MW + D%gﬂsng),
7 T / o Qo o Qo ol
lra(R) = D) log det{S%z.a — Pr(Spw.aM” + HS5yr.a) + DEHSiw.aH'},
~ T
Ir(R) = —logdet{Sqn — Da(Squ M+ H*Sjyr) + DEH" iy M7},

Proof of Lemma B.6. Profile likelihood. This is given by
20(R) = —Tlog{63,(R)} — T'log{6%,,,(R)}. (B.19)

It will be shown that this is quadratic in R up to an approximation.
Component involving 53,(R). Since 62,(R) = T~' 3_]_, M? consider the expansion
(B.13). Since Dp = o(T"2p;T) then
63(R) = 82 . —2DrG°S2  + DRG2 Sy +o(T7H).

EMEM €

The expansion log(1 + h) = O(h) shows

log{6%,(R)} = 1og(S2, ... — 2DrG°SS y + DrG2Syyw) + o(T71). (B.20)

EMEM

20



Component involving 63, ,,(R). First, by the rule for taking determinants of par-
titioned matrices

log{6%.,;(R)} = logdet{T! til(RtmlDt)@Q}
—log det{T* XT:(Rt)@)Q} +log{T™* i(Alpt)Q}. (B.21)

The last term does not depend on R.
For the second term of (B.21) apply Lemma B.2 to get

%té RiR, = Spr — Dr(SpwH” + H°Sjyr) + DRHCSywH +o(T™1).
Applying the log determinant expansion in Lemma B.5 it follows that
log det{T* i(Rt)@} = Ir(R) +o(T7). (B.22)
Apply a similar argument for the first term of (B.21) to get
log det{T* i(ntmlpt)@?} “ lra(R) 4+ o(T7h). (B.23)

Profile likelihood expansion. Insert (B.22) and (B.23) into the expression for
log(6%,,,) in (B.21) and in turn insert this and the expression (B.20) for log(53,)
into the profile likelihood (B.19) to get

20(R) “= 20(R) — T'log(San) + o(1).
Finally note that (z(R.) = {r(R,) — T'log(San). ®
The derivatives of the approximation ¢ to the profile likelihood are considered.
Lemma B.7 Assume A, B, C. Under Hp then
P(R)) = pl{G°St S w + H(SpmaSrwa — SpaSew)},
C(Ro) = =p Shwd G782 2, + M (Sgra — Spr HTHI +0(1)},

where Yy = S0 ROW? . It holds that

U(Ro) = o(TY4pT), {I"(Ro)} ' = 0(p*"),  £"(Ra) = o(T~*4iT).
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Proof of Lemma B.7. Term {,;(R). This satisfies
—(2/T)p(R) = log(S° _ )+ log(1+ h).

EMEM
where h = —2DgG°So 1 52 1 + DEG2S 1 Siyw. Apply the log expansion in
Lemma B.5. Rearrange to get an expansion in Dy which is

log(1+h) = —2DRpG°SeL S° , +DAG(ST L Sy —28°°2 §°2 )

epmem~emW EMEM emem~emW

8
+D3G% (2522 52 wSww — 550_3 S22 w) + O(Dg)

EMEM TE EMEM

Hence the coefficient to Dy gives the first derivative £}, (R,) = TGS~ 1 §° Re-

EMEM EA{W'

placing T'S2 v = T"?(p;" ST e W ) (T72pT) = TV?5, Wyt gives

£

O (Ry) = TY2GSe 5. NG

EMEM

Likewise the second and third derivates are

Or(Ro) = (2)(=T/2)G (S22, Sww — 2522 S22 w)

EMEM EMEM TE

B(R) = (B)(-T/2G @852, S Sww — 5552, w)

epmem e W 3 emeEn eqW

Noting that S2-1 . SwwNj, = Sy are convergent while Se,wNw = o(T~/*) then

Or(Ro) = =TG™SE L Siw Ny {L +0(1)}, £3(Ro) = o(T*/p2T).

EMEM

Term {x(R). This satisfies
—(2/T)lx(R) = log det(Srr) + log det(Igm= + h)
where h = —DpSyx (SawH” +HS5yr) + D% Shr HoSgwH. Apply the log expan-
sion in Lemma B.5. Rearrange to get an expansion in Dp which is
logdet(I +h) = —2Dgptr{SynSxwH"} + DR{tr(Spa HSiwH) — tr(B*)/2}
+D},(BSyr H° Sy H /2 — B?/3) + O(Dy),

where B = S5 (SeyHY + H° S5y ). By considerations as above it is seen that B =
o(T=3/*pT) and the derivatives satisfy

lr(Re) = TY’tr{H"Si@Srw}Ng', (R = o(T¥p3"),
%(RO) T Ttr(HY S HO) Shrw Ny {1 + o(1) .

15

Term lg.a(R). Same derivation as for {z(R) replacing Sgr, Sgw and Syw by
SRR~A; Sf/zw.A and SWW~A = Sww{l + O(l)} |

The expressions for the ¢ and ¢ are simplified using the parameter 79 from (B.10).

22



Lemma B.8 Assume A, B, C. Under Hg then
U(R) = p {7707 Saw +o(T74)}
PR 2 077 S {1+ o(1)}
Proof of Lemma B.8.  Product moment matrices. Recall from (B.7) that

A1Dy = (w°,0”)YR} + €%, and note w® = 035,309, It holds, for all 5 > 0, see
Lemma B.1(4,vi7),

° a.s. o9 0

SRR - ( AéM EOUU ) ) (B24)
o as O-?\/[MwO — O-i)M n—1/2

S ( L ) ( S ) +o(T7112). (B.25)

Since A1 Dy also satisfies Ay D, = 0°R; + €3, , then
San = 0%y 4 0755,0° + o(T" 12, (B.26)

Moreover, exploiting A1 Dy = (w°,0”)R7 + €5y, and €3, , = €% 5y, + weSy, it holds

T o R T o
P =3 (4 Y Wes TS = Saw =003 () e
t—1 t=1 t—1

t=1

Information. Combine the expressions (B.24), (B.25), (B.26) to get

a.s. < 0 o9 @2 1
o —G° _ g° S_l S° : oMM _ DMO .
RR-A RR RAPAAPAR ( 0 50 20 0 UC,’DD—FHO'E?]U@O

The partitioned inversion formula A;!y = A;' + At A1 Ay Ay AL shows, noting
that w® = 051,05

o—1 o—1
S’R'R~A - S’R’R

o—1 o o—1
O MM 0 OpMm o ofso O MM 0
(7 s ) (S ) emermio (7 o3 )

= = +o(T711)
o° T 90/20 90 - (O'O 90/20 ) UMM 0 UODM
DD uU DM> UU 0 Xt 2 6°
- 1 ( W )®2 +o(T 14, (B.28)
o \ 0
Further, note that S2 _ *5 6%,,, while the definition of 79 in (B.10) implies
(w®, 0 VH = (w°, —1)79, G° = (1,0)71. (B.29)
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Combining these expressions shows

®2 ®2
o o— — — a.Ss. o — ]. _ °© °
g 255M;M + H,(Smle - Smla)H - TL/{UMlM ( 0 ) + JDlD.M ( C_ul ) }TL

Finally, the desired expression follows since by partitioned inversion

-1 -1 1 2 -1 w® 2
L' =ont( o) Fomoa( o) - (B.30)

Score. Combine (B.25), (B.26), (B.27) to get

Srwa = Srw — S2aASiiSaw
s . 1 Tn71/2 o .
= Yrw — ol ) ( T oM ) (1,07)Saw

o o/ o o
ohp + 0750
In a similar way write

So—li _ So—l o So—li
RRERW  — RR-APRR-APRR ~“RW

Opum > 1+ o(T7172)

= Sralls— o ° 07 SR
RR~A{ 2 <EOUU9 JODD+‘90/ZOUU00}<LU ) ) RW

These expression combine as

o—1 < o—1<
SRRAZRW.A — SpRr ZRW

a.s. ~o—1 {1 + O(Tnil/Q)} OODM o ol v oI\
= o 0% — (1,6°)% (B.31
St st (st ) () B = (167 S (B:31)

Noting that, see (B.27),

R 1,0)3. R 0,1)%.
ERW=(< 9 W), EAW:(( Y W>,

Suw Yuw

it is seen that (w°, HOI)fJRW — (1, 90’)XAJAW = (w°, —l)fJEW. The expression for S&%A
in (B.28) implies

o— o7
St (. )

{< J?\H/[ 0 ) n ; ( Ww° )®2} ( O ) +0(T”*1/2)
0 =35 ) ohpa \ & Epud”

( w® ) opp + QOIE?JUQO + O(Tn71/2)

o o
0 Opp.M

Q
@
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where (w°, 0°)H° = (w°, —1)79 by (B.10). Inserting these results in (B.31) shows
3 c we | R
H(Skr aZrw-a = Sk rw) = 71 < -1 ) o i Sew {1+ o(T7 ).

Further, note that S° o0y + TV and 3., = (1,0)S.y along with the

EMEM

identies (B.29) to see

_ - a.s. _ o 1 2 - _
gSMl Yeyw = UMIMTL, ( 0 ) Yew {1 +o(T" 1/2)}-

Combining the two last expressions and noting S.y = o(T/4~") for some 1 > 0 shows
GSitnSenw + H (Skr.alrw.a — Sgg Srw)
1 ©2 w® w2
= {0 ( 0 ) +0pp.u ( ~1 ) YEaw +o(T11).
Finally, the desired result follows by the partitioned inversion formula (B.30). m

B.5 Improving the rate of consistency

Lemma B.9 ansider the maximum likelihood estimators in model Mipsg. Assume
A, B, C. Then R— R =o(T"*p™T) a.s.

Proof of Lemma B.9. Lemma B.4 shows that R — R, = o(T%/2p~T). Thus
it suffices to analyse the profile likelihood ¢(R) in a neighbourhood of R,. Lemma
B.6 shows that the profile likelihood ¢(R) is maximised by maximising /(R) up to an
error of order o(1) uniformly over intervals |R — R.| < ¢T"/?p; " for any ¢ > 0. Thus,
consider the approximate score equation

0= (R) = (R.) + (R.)(R — R.) + %E’”(Ro)(R* _R)?

for some R, so |R, — Ro| < |R — R,|. Thus it holds

O(R,) 4+ 270" (R.)(R, — R.)?

R—R, = =
—0"(R,)

(B.32)

Insert the results of Lemma B.7 to get the desired result. m
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Lemma B.10 Consider the maximum likelihood estimators in model Mipsp. As-
sume A, B, C. Then

(i) R = Ro = {=0"(R)} "0 (Ro) + o(TH4p7T).

(1) pl (R R,)T, ¥ Py Yew S {1+ o(1)} + o(1).

Proof of Lemma B.10. (i) Lemma B.9 shows that R — R, = o(T"4p~7T).
Insert this and the results of Lemma B.7 into (B.32) to get

R~ R, = {~0"(Ro)}"''(Ro) + {=20"(Ro)}" (Ro)(R. — Ro)’

where |R, — Ro| < |R — R,|. The second term is o(T~3/4p3T)(TV4p;T)2p; 2T =
o(T~Y4p=T) so (i) follows.
(77) Insert the expressions in Lemma B.8 into (i) so that

a.s. Pg{TTQ_liEW + (T_1/4)
AT Sy

R—R, }{1+o(1)}+o(p;T).

Rearrange to get the desired result. m

B.6 Asymptotic distribution of estimators

Theorem B.11 Consider the maximum likelihood estimators in model Mipsg. As-
sume A, B, C. Then

- ~ o h [¢] D
(i) {2 M)V (@ = w), (2, UD)Y2 (0 = 6°)) = N(O, 0 poyg Lan1)-
(4) 6rpar — OyM, Opp.M — OpD.Mr A.-S.
(iii) Let H = (790579) V20 Q {0, )TN -12 5T pt=Teo . Then it holds
{=0"(R )}1/2(R R,) = H +o0o(1) a.s.
(i) If (9'Q7179) Y210 8 are independent N(0,1) then H is N(0,1).

Proof of Theorem B.11. (i) Since p — p, = o(T"*p;7) by Lemma B.9 and
since A1 Dy = (w®, 0% )R] + €55, then Lemma B.2 implies that

M=

~ o p o I o 4 —
(@—w0 —9')(;722@2)1/2 = 5D~M,tR:f(;Rz§)2) 12

i
U

[
M=

T
e%.M,tR;"(t; R;®%) M2 +o(1).,

I
W

which is asymptotic normal. Similarly S R®? = 21 R®*{1 + o(1)} where R?
has asymptotically uncorrelated components €3, Uy ;.

(i1) First, consider gyrp = T~ 3., M?. Since p — p, = o(T"*p;T) by Lemma
B.9 then Lemma B.2 implies 6y = T~ 321, M?+0(1) which has the desired limit.
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Secondly, consider 6pp.y; = T 1 z;‘r:l(AlDARt). Noting A;D; = (w°,0°)R; +
€h.a1, then in the same way Lemma B.2 implies 6pp.y = T ST €5y +o(1)
which has the desired limit.

(#79) Combine Lemmas B.6, B.8, B.10(éi) to see that

{=C(RAR — Ro) 2 (77051792710 S Sl + o(1).

then pT (R—R,) = (7997 '79) 7y ' S 28k {1+0(1)} +0(1) a.s. By an argument
as in Anderson (1959) see also Nielsen (2010, Theorem 4) then H = ¥y %5 2 =
(S0, P2y 12 50T = Te? 4 o(1) giving the desired result.

(iv) Under the normahty assumption then H is a linear combination of normals,
so normal itself. m

B.7 Likelihood in restricted model
Lemma B.12 Consider the maximum likelihood estimators in model Mipsg. As-
sume A, B, C. Then
2E(R) = _Tlog det(‘i?s) + O-E)lD~MiED-MUZOU_Ul§A]UED M
+t0(Q P Sew S Ewe) + o(1).

Proof of Lemma B.12. The profile log likelihood is given in Lemma B.6 as

2{U(R) — €(R,)} = 2{{(R) — [(R.)} + o(1). (B.33)
Expanding £ (}A%) around R, then gives

~

2{l(R) — U(R,)} = 20"(R)(R — R.) + I"(R,) (R — R,)* + %E’”(Ro)(m — R,)%.

where |R, — R,| < |R R,|. Insert the expression for R — R, from Lemma B.10(:)
and use the bound R — R, = o(T"*p;T) from Lemma B.4 to get

2{0(R) — {(Ro)} = —{{"(Ro)} H{{'(R.)}?
_‘_O{Tfl/4p;Tg/<R )+po 2T€”(Ro)+T3/4PJ3T€~”/(RO)}.

Insert the bounds and the expressions for the derivatives established in Lemmas B.7,
B.8 to see

. - 2T [ or()—1% —1/4\12
2{€<R) _ E(R())} as. _po {TJ_Q Z:EW + O(T )}

27T ~of 1 o
PO

+o(1).
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Noting that 3.y = o(T"/*) this reduces to
2{0(R) — U(Ro)} = — (799, 7%) Q0 S Sy S 175+ 0(1).
Taking trace and rearranging shows

2{0(R) — [(Ro)} = tr(Q P2, Bew By Vi) + o(1)

Insert this in (B.33) and use the expression for 2{(R,) in Lemma B.3. =

B.8 Likelihood in unrestricted model

The unrestricted model M;p is now analysed. The analysis of Nielsen (2010) needs
to be elaborated. In particular, improved convergence results are needed for the
estimator of the adjustment parameters o = (v, a,, @1, ..., Py_2) and for Q. Given

~xD
the estimators pp, 5; the maximum likelihood estimator for v is found by regression
of AjA; X, on

Up, = (51 A o Xr 1 By A X A D Xy AN Xy gya)

For the results of this subsection the data generating process is
xo/ o/ k72
AA, Xy = a7 A, Xi g+ A X+ Y OTAA, Xy + ey
=1

This of course encompasses the data generating process (B.7) under Mipsp.

Lemma B.13 Suppose Mip holds with p, > o for some o > 1. Assume A, B, C.
Recall the definitions of 75 ,P2 , P2 in (B.8), (B.9). Then

(i) & — a—T 1/225U2UU—|—OP(T &) = Op(T~1/2).
(i) aj’( 1D )[lj;uN t=T" 1/QPOAEVXA];/V"‘OP(T 2) = Op(T7?).
(iti) ps TP S BT W = T L W + op(1).
(iv) Qp — Q. — T i ()% = Qo) o+ 0p (T V2) = Op(T712).
[¢] [¢] [e] T o — — —
() T8 (Pp—po) = Pr. 3oy &g W {30 (W)} {1+ Op(T12) 4 0p (T H49,T).
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Proof of Lemma B.13. Product moments. Let V;?; denote V;_; computed at
pp- Combine (A.12) and the first display on p.911 of Nielsen (2010) to get

Svu SUV S:Us SjUW UpP, ®2
*  Syy Sve Svw 1T Ny VP,
G G = B.34
* * Sea SgW T t:zzl 6? ( )
* * * SWW NWWto_l
Yuu +op(1) AOP(T*£/2) T71/2{$Ua +op(1)} OP(T*£/2)
= « Suptop(l) TVHSr fop(1)}  op(T2)
* * Q. + 0p(1) T—1/22€W
i * * Sww + op(1)

where Y. = poT zt Wees, Sy =T V2N U 68, Sy = T V2Ny S0 V2 e,
and Syy =T (NVV2,)%2.
(1) An equation shown in the proof of Lemma A.7 of Nielsen (2010) gives

AKX, = €2+ (a+op)UP | + 6y Ny VP, + Swwg:l, (B.35)

where 8U = (Pp—p){as/(1=pp), —UEB, ) S50 5, by * Soi @5} and by =
*o’ﬁu 11— p)/(1 = pp) and by = —(pp — po )72 Tt follows that

T T
a—a = ;55((]51)'{;([]&)@2}_1
“ T . “ T
+ou + DOy Ny V2 + ow Wy ) (U2 ) {X(U2,)#*
t=1 t=1

«D
Lemma A.11 of Nielsen (2010) shows that TV2pL(p,, — p,) and B*O'BHN‘;I are
op(T¢/2). This implies that oy, = op(p;TT19/2) and §y = op(T4/2). From
(B.34) it follows that

~

&—a = (TS +op(T7%) + 0p(T-)HEyt, +op(T%))
+0p(p TTU/2) - 0p (T4/2)0p (TE/2) + 0p(p; " T =9/ 2)0p (119121,

By Assumption B then £ > 1/2 and the desired result follows.

(iv) The variance estimator is QD = 7' (A A X UP )2 Due to (B.35)

then
. T

Qp =T 35 + v Ny V2, + dw Wy, |UP,)®?
P
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From (ii, i) it follows that 0y = —T~Y/2PS.y 501 +0p(T€) = Op(T~1/2). Inserting
this and using (B.34) it follows that 2p = S°. + T~'G where
G = —SaSpySue +op(1) + dwop(pl T 74/?)
+P§§AJ€V§A)‘7%,§A]V€PZ' - Pzievi\_/%/iVs - iavi\_/%/i\/ap;,
A A N A A ~ N
+ow Sww oy {1+ 0p(T™2)} + " (0w Swe + Sew ).
Since dy = op(p; TTO9/2), Sy = O(1) and Sy = op(T19/2) and € > 1/2 then

G = —Sulphlue + PSSyt ivePY — Polay Ep) Sve — Sy Xyt By Py
+SWXAJWW8;/V + p;T(gwin + iaWS;/V) + Op(l), (B36)
and G = op(TV/?). Tt follows that Qp = S°. 4 op(T/2). Since S°. = Q, + Op(T1/2)

the desired result follows.
(v) Lemma A.9 of Nielsen (2010) shows

#0 E (pp — po) (77 Sww.v — Pai P Swv.oSut ySvw )
=T3P0 (Sow v — PaSev.uSytr i Svwr)
where P, = a1 (a”Qp a) 1@’ Q5! Exploit the TV/2-order of the p, o, 7, estima-

tors by (i,4ii) as well as premultiplying the equation by 79 (7905, 79) 7! and post-
multiplying by S}y to get

708 (pp = po) = {PL (Pp = o) Pr, Par SwvuSvvr.vSvw v Siwhw.v
+ P T (Seww — PaSev.uSyvrSvw.v) Sy HL + Op (T71/2)}.
Exploit the 7-/4pI" consistency of pp, as well as (B.35) to get the desired result. m

An expansion is needed for the variance estimator Qp in the unrestricted model
M;p. Theorem 3 of Nielsen (2010) shows that the estimator €p, called Qy in that
paper, is consistent.

Lemma B.14 Suppose Mip holds with p, > o for some o > 1. Assume A, B, C.
Then

20,p = —Tlogdet Seow + tr(Q ' S S5k Sue)
Hr(Q P Bt Sve) + tr(25 P2, Saw Sy Swe) + op(1).
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Proof of Lemma B.14.  Combine (B.36) where ow = —(pp — po)*Y with
Lemma B.13(v) to get Qp = S.oco + TG where

G - _iEUEE[IJEUE + PO 3 EVEA]‘_/%/EA]VEPO/ Po 3 gvi‘_/%/ivg — i&vi‘_/%/iv‘epo,
P S S S P — P2 S Sk Swe — Sew Sihy SweP? 4 op(1),

Use the log determinant expansion in Lemma B.5 to get
20, = —Tlogdet Q0 = —T'logdet Seoco — tr(Q5'G).

Since Qp is consistent and PIQ; P2 = Q7 1P° and PIQ; P = Q7 'P2 and using
the symmetry of the trace then

—tr(Q5'G) = tr{Q( 8U2UU2UE+7D° Evzwzvgm zawz 2W5}+OP()

Insert this in the expression for 20p to get the desired result. m

B.9 Proof of main theorem

Proof of Theorem 3.3. It holds that

LR(Mypsg|Mip) = 201 — 21pss

Inserting results from Lemmas B.12, B.14 gives

LR = {—Tlogdet Soco + tr(Q Syl Sue) + tr(Q Py S0 5y.)
+r(Q P2 S Sy Ewe)} — { =T log det(S2.)
+UDD.M28D.MUEOUU12U5D.M +tr(Q0 P, Saw Sy Swe) } + op(1).

This reduces to

LR = tr(leiEUzl_Jll]iUé) - O-OD_D1~M§A]€D-MUE(711]§A:U6D<M

+tr(QT P N0 By ) + op(1).
In the first term partitioned inversion of Q! gives
(2 B St Eue) = 05 Eenv SotSven + 050050 S50 Svep
so the test statistic satisfies

LR = 05,50, 0505 S0y, + tr(Q P Sy Spt Sye) + op(1).
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Since €4, U;—1 are mutually independent a martingal central limit theorem, see
Brown and Eagleson (1971), gives that the first term is asymptotically x? with
dim U = 2k — 2 degrees of freedom.

The term P; )y v is the stochastic integral of By ;7 = Ny V2, with respect to ¢ =
T-1257  a'Q;te,. The process By ;1 is a function of T2 3" a¥ e,. Thus, By ;1
and By ; 1 converge to asymptocally independent processes, so by a mixed Gaussian ar-
gument, see Johansen (1995, §13.1), the last term is x? with dim (a2 e;) dim(V) =
2 degrees of freedom.

It is left to argue that the last term is asymptotically independent of the previ-
ous two. The last one is based on the processes B 7, B1:r which are asymptoti-
cally independent of S rrepass Sen s see Chan and Wei (1988, Theorem 2.2). Since
EEV, Evv are functionals of B; ;. r, B1,r then EEV, ZVV are asymptotically indepen-
dent of 3,2, /s Xey,v-

It then follows that LR is asymptotically x? with (2k — 2) + 2 = 2k degrees of
freedom. m
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